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Abstract
A theory where the gravitational, Maxwell and Dirac fields (mathemat-
ically represented as particular sections of a convenient Clifford bundle)
are supposed fields in Faraday’s sense living in Minkowski spacetime is
presented. In our theory there exist a genuine energy-momentum tensor
for the gravitational field and a genuine energy-momentum conservation
law for the system of the interacting gravitational, Maxwell and Dirac
fields. Moreover, the energy-mometum tensors of the Maxwell and Dirac
fields are symmetric, and it is shown that the equations of motion for
the gravitational potentials is equivalent to Einstein equation of General
Relativity (where the second member is the sum of the energy-momentum
tensors of the Maxwell, Dirac and interaction Maxwell-Dirac fields) de-
fined in an effective Lorentzian spacetime, whose use is eventually no more
than a question of mathematical convenience.
1 Introduction
In this paper we present a theory where the gravitational, Maxwell and Dirac
fields are intepreted as fields in the Faraday sense living and interacting in
Minkowski spacetime structure (M, g˚, D˚, τ˚g, ↑e0) (see Appendix A). The La-
grangian density1 of these fields are postulated and their energy-momentum
tensors are evaluated. All fields in our theory are mathematically described
by sections of a particular and convenient Clifford bundle Cℓ(M, g) (see Ap-
pendix A) which is used as a mathematical tool. In particular the gravita-
tional field is represented by its gravitational potentials ga, a = 0, 1, 2, 3. It
is very important to emphasize here that in our theory we have a genuine
1Natural units are used in this paper.
1
energy-mometum conservation law for the interacting system of the gravita-
tional, Maxwell and Dirac fields. Moreover, the energy-momentum tensor of
the Dirac field in the presence of the gravitational field is symmetric. It is also
very important to emphasize that the formulation of our theory does not use at
any time any connection defined in M . However, we may interpret the struc-
ture (M, g, D, τg, ↑e0) (where D is the Levi-Civita connection of g = ηabga⊗gb,
τg, = g
0g1g2g2 ∈ sec∧rT ∗M →֒ sec Cℓ(M, g) defines a positive orientation for
M and ↑e0defines a time orientation, given by the global vector field e0) as a
Lorentzian spacetime representing a gravitational field generated by the mat-
ter energy-momentum tensor as in General Relativity theory.This statement is
proved by showing (see details, e.g., in [14] ) that the equation for the gravi-
tational potentials ga generated by the energy-momentum tensor of the Dirac
and Maxwell fields (and their interaction) is equivalent to Einstein equation
in General Relativity theory. This result is particularly since it permit us to
conclude that the energy-momentum tensor of the Dirac field in our theory
is symmetrical (see Appendix B). Also, with the introduction of the structure
(M, g, D, τg, ↑e0) in our theory it is possible to encode the energy-mometum
1-form fields for the gravitational field coming from the awful Eqs.(11) and 16
in a simple and nice formula as given by Eq.(23). The paper has three sections
and three appendices. In Section 1 we present the Lagrangian densities for the
coupled gravitational, Maxwell and Dirac fields. In Section 2 we present the
energy-momentum1-forms for the gravitational, Maxwell and Dirac fields and
the energy-mometum 1-forms for the interaction between the Maxwell and Dirac
field. Section 3 present our conclusions. Appendix A presents the notations we
used and recall some results important for the intelligibility of the paper. As
already said above the detailed evaluation of the energy-momentum 1-forms for
the Dirac field is given in Appendix B. Finally in Appendix C we use the nice
formula Eq.(23) to evaluate the energy of the Schwarzschild gravitational field
for a star of mas M and radius greater than its Schwarzschild radius.
2 Lagrangian Densities and Equations of Mo-
tion for the Coupled Gravitational, Maxwell
and Dirac Fields
The Lagrangian density for the coupled gravitational, Dirac and Maxwell fields
is:
L = Lg + LM+LD + LFD = Lg + Lm. (1)
With ga ∈ sec∧1T ∗M →֒ sec Cℓ(M, g), a = 0, 1, 2, 3 we have2
2See Appendix A for notations used in this paper.
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Lg : (g
a, dga) 7→ Lg(ga, dga) ∈ sec
∧4
T ∗M.
Lg(g
a, dga) = −1
2
dga ∧ ⋆
g
dga +
1
2
δ
g
ga ∧ ⋆
g
δ
g
ga +
1
4
(dga ∧ ga) ∧ ⋆
g
(
dgb ∧ gb
)
,
(2)
Also, with F ∈ sec∧2T ∗M →֒ sec Cℓ(M, g)
LM : F 7→ LF (F ) ∈ sec
∧4
T ∗M,
LM (F ) = −1
2
F ∧ ⋆
g
F, (3)
and with ψ ∈ Cℓ0(M, g) a representative in the Clifford bundle of a Dirac-
Hestenes spinor field (once a spin frame is fixed)
(gk, ψ, ψ˜, gk∂ekψ, g
k∂ekψ˜) 7→ LD(gk, ψ, ψ˜, gk∂ekψ, gk∂ekψ˜) ∈ sec
∧4
T ∗M,
LD(gk, ψ, ψ˜, gk∂ekψ, gk∂ekψ˜)
=
1
2
{
(gk∂ekψ˜g
2g1)g0 · ψ˜ − 14gkψ˜L(gk)g0g2g1 · ψ˜
+ψ · (gk∂ekψg0g2g1) + 14ψ · (gkL(gk)ψg0g2g1 +mψ · ψ˜
}
τg (4)
where the symbol L(gk) is defined in the Appendix B (see Eqs.(59) and (60))
and m is the mass of the fermion field.
The interaction Lagrangian density between the Dirac and Maxwell field is
LFD : (ψ, ψ˜, g
0, A) 7→ LFD(ψ, ψ˜, g0, A) ∈ sec
∧4
T ∗M.
LFD(ψ, ψ˜, g
0, A) = eψ˜g0ψ ∧ ⋆
g
A (5)
where e is the charge of the fermion field and A ∈ sec∧1T ∗M →֒ sec Cℓ(M, g) is
the electromagnetic potential such that F := dA ∈ sec∧2T ∗M →֒ sec Cℓ(M, g).
In our theory it is supposed that at least one of ga is not closed, i.e., dga 6=
0, for some a = 0, 1, 2, 3. Putting Fd = dgd.the equation of motion for the
gravitational potentials are obtained from the variational principle. We have
δ
∫
Lg =
∫
δLg =
∫
δgd ∧
(
δLg
δgd
+
δLm
δgd
)
, (6)
where
⋆
g
∑
d =
δLg
δgd
= −
(
∂Lg
∂gd
+ d
(
∂Lg
∂dgd
))
(7)
3
is the Euler-Lagrange functional and3
⋆
g
m
Td = − ⋆
g
m
T d = ∂Lm
∂gd
= ⋆
g
D
T d + ⋆
g
M
T d + ⋆
g
MD
T d (8)
=
∂LD
∂gd
+
∂LM
∂gd
+
∂LMD
∂gd
(9)
will be called the energy momentum 3-forms of the matter fields of the mat-
ter fields. One can show4 that the equations of motion for the gravitational
potentials coming from ⋆
g
∑
d = 0 are:
− d ⋆
g
Sd − ⋆
g
td = ⋆
g
Td = − ⋆
g
Td, (10)
with
⋆
g
td :=
∂Lg
∂gd
=
1
2
[(gdy
g
dga) ∧ ⋆
g
dga − dga ∧ (gdy
g
⋆
g
dga)]
+
1
2
d(gdy
g
⋆
g
ga) ∧ ⋆
g
d ⋆
g
ga +
1
2
(gdy
g
⋆
g
ga) ∧ ⋆
g
d ⋆
g
ga +
1
2
dgd ∧ ⋆
g
(dga ∧ ga)
−1
4
dga ∧ ga ∧
[
gdy
g
⋆
g
(dgc ∧ gc)
]
− 1
4
[
gdy
g
(dgc ∧ gc)
]
∧ ⋆
g
(dga ∧ ga) , (11)
⋆
g
Sd := ∂Lg
∂dgd
= − ⋆
g
dgd − (gdy
g
⋆
g
ga) ∧ ⋆
g
d ⋆
g
ga +
1
2
gd ∧ ⋆
g
(dga ∧ ga) . (12)
Moreover, putting Fa := dga, it is of course, dFa = 0 and the field equations
(Eq.(10)) can be written as
d ⋆
g
Fd = − ⋆
g
m
T d − ⋆
g
td − ⋆
g
hd (13)
where
hd = d
[
(gdy
g
⋆
g
ga) ∧ ⋆
g
d ⋆
g
ga − 1
2
gd ∧ ⋆
g
(Fa ∧ ga)
]
. (14)
So, we have
(a) dFd = 0, (b) δ
g
Fd = −
(
m
T d + td
)
, (15)
td = (td + hd). (16)
Also, it is very much important to recall that introducing the Levi-Civita
connection of g = ηabg
a ⊗ gb into the game one can show with some algebra
(details, e.g., in [14]) that
− d ⋆
g
Sd − ⋆
g
td = ⋆
g
Gd (17)
3We suppose that Lm does not depend explicitly on the dga.
4Details may be found, e.g., in [14]
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where Gd := Gdkg
k ∈ sec∧1T ∗M →֒ sec Cℓ(M, g) are the Einstein 1-form
fields, with
Gdk = Rdk − 1
2
ηdkR = Gdk (18)
where Rdk are the components of the Ricci tensor and R is the scalar curvature
in the structure (M, g, D, τg, ↑e0).
With this result we immediately infer from Eq.(10) that writing
m
T d =
m
T dkgk ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g) it is
m
T dk =
m
T kd. (19)
an of course we must also have:
M
T dk =
M
T kd,
D
T dk =
D
T kd, ,
MD
T dk =
MD
T kd. (20)
However it is not the case that in general tdk = tkd. See Section 3.1.
Remark 1 It is crucial to emphasize here that the introduction of a Lorentzian
spacetime structure (M, g, D, τg, ↑e0) to get Eq.(20) is to be viewed as simple a
mathematical aid, no fundamental ontology is given to that Lorentzian structure
Indeed, it has been shown in details, e.g., in [9, 11, 13] that our theory of the
gravitational field may be interpreted as generating spacetime structures with
general connections where curvature torsion and non metricity tensors may be
non null.
Also, we recall that the equations of motion for the Dirac and Maxwell fields
are respectively (see, e.g., [14] for details of the derivation)
gaDeaψg
2g1 −mψg0 + eAψ = 0 (21)
and
dF = 0, δ
g
F = −Je,
Je = eψg
0ψ˜. (22)
3 Energy-Momentum 1-Forms Fields for the Grav-
itational,Maxwell and Dirac Fields
3.1 Gravitational Energy-Momentum 1-Forms
Despite the very awful formula for td coming from Eqs.(11) and (16) it has been
shown in [13] that it can be coded in a nice simple formula once we introduce
as an auxiliary mathematical device the Levi-Civita connection of g and the
Dirac operator ∂ = gdDd acting on sections of Cℓ(M, g). Indeed, it is:
5
td =
1
2
Rgd + ∂ · ∂ gd + dδ
g
gd (23)
where ∂ · ∂ is the covariant D’Alembertian[14].
Remark 2 It is very important to observe that the objects tda = ηacηdlt
c
y
g
gl
are components of a legitimate gravitational energy-momentum tensor tensor
field t = tdag
d ⊗ ga ∈ secT 20M . Also it is worth to take into account that
tda − tad = (∂ · ∂ gd)y
g
ga − (∂ · ∂ ga)y
g
gd + (dδ
g
gd)y
g
ga − (dδ
g
ga)y
g
gb (24)
i.e., the energy-momentum tensor of the gravitational field is in general not
symmetric. As observed in [14] this is important in order to have a total angular
momentum conservation law for the system consisting of the gravitational plus
the matter fields. In Appendix C we present tda for the Schwarzschild solution
of Einstein equation in order to show that it is a viable quantity to really describe
the energy momentum tensor of the gravitational field. In that example it is clear
that t12 6= t21.
3.2 Maxwell Energy-Momentum 1-forms
We recall moreover that the energy-momentum 1-forms ⋆
g
M
T a(= − ⋆
g
M
T a) for the
Maxwell field is5
⋆
g
M
T a = −∂LM
∂ga
= ⋆
g
(
1
2
θa(F · F ) + (θayF )yF
)
(25)
= ⋆
g
(
1
2
FgaF˜
)
=
(
1
2
FgaF˜
)
y
g
τg (26)
and writing
M
T a = Tabg
b we get
Tab = Ta · gb = −ηclFacFbl + 1
4
FcdF
cdηab = Tb · ga = Tba (27)
3.3 Maxwell-Dirac Interaction Energy-Momentum 1-forms
The energy-momentum 1-forms
MD
T a are trivially calculated. We have
MD
T a = ∂LMD
∂ga
= eAaψ˜g
0ψ,
MD
T ab = 1
2
(
MD
T a · gb +
MD
T b · ga
)
=
1
2
e〈Aaψ˜g0ψgb +Abψ˜g0ψga〉1. (28)
5See, e.g., Section 9.9 of [14] for details of the derivation.
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3.4 Dirac Energy-Momentum 1-forms
The calculation of the Dirac energy-momentum 1-forms is trick and is presented
in Appendix B. We found
D
T k = 〈Dekψ˜g2g1g0ψ˜ + ψDekψg0g2g1〉1 (29)
and
D
T mk = 1
2
〈ψ˜g(mDek)ψg2g1g0 −D(ek ψ˜gk)g2g1g0ψ〉0. (30)
Also, it is wort to emphasize that in our theory we have a genuine conser-
vation law for the energy-momentum of the matter plus the gravitational field.
Indeed it follows from Eq.(15b) that
δ
g
(
m
T d + td
)
= 0. (31)
Finally, it is worth to emphasize that since our spacetime manifold is par-
allelizable it its possible to defined a legitimate energy-momentum covector for
the matter plus the gravitational field6, namely
P = Pdg
d,
Pd =
∫
⋆
g
(
m
T d + td
)
. (32)
4 Conclusions
In his paper we present a coherent relativistic theory of the gravitational,
Maxwell and Dirac fields in interaction. In our theory field equations and the
corresponding energy-momentum tensors of the fields are obtained from the vari-
ational principle through postulated Lagrangian densities for those fields and
their interactions. All fields are intended as fields in Faraday’s sense living in a
Minkowski spacetime structure. The energy-mometum tensors for the Maxwell
and Dirac fields are symmetric and it is recalled that the equations satisfied by
the gravitational potentials are equivalent to Einstein equation of General Rel-
ativity in an effective Lorentzian spacetime structure (M, g, D, τg, ↑e0) which
differently from the case of General Relativity is not supposed to have any
ontology, it is used in the paper only as a tool to obtain an important mathe-
matical result need for the construction of the energy-mometum tensor of the
Dirac field and to obtain a short formula (Eq.(23)) for the energy-momentum of
the gravitational field whose derivation from the gravitational Lagrangian den-
sity produces a somewhat awful (but of course, correct) formula (see Eq.(19)
and Eq.(16)). Moreover, the viability of our formula for really representing the
6See a detailed discussion about conservation laws and conditions for existence of an energy-
momentum covector (not a covector field) in [15].
7
energy-momentum of the gravitational field is shown by explicitly evaluating it
for the Schwarzschild field of a star of mass M and radius much greater than
its Schwarzschild radius.
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A Notations and Recall of Some Results
In this paper M designs a 4-dimensional manifold diffeomorphic to R4 whose
elements are called events. If {xµ}, µ = 0, 1, 2, 3 are global coordinates for M ,
{eµ}, eµ = ∂∂xµ ∈ secTM are global smooth vector fields and we denote denote
by {θµ = dxµ} ∈ sec∧1T ∗M its dual basis. We can introduce in M several
different metric fields, in particular an euclidean metric field
g˚E = δµνθ
µ ⊗ θν ∈ secT 02M
and also a Lorentzian metric field
g˚ = ηµνθ
µ ⊗ θν ∈ secT 02M (33)
of signature7 −2.
We denoted by g˚E , g˚ ∈ secT 20M metrics on the cotangent bundle such that
g˚E = δ
µνeµ ⊗ eν , g˚ = ηµνeµ ⊗ eν . (34)
Moreover, we denote by g˚ the extensor field
g˚ : sec
∧1
T ∗M → sec∧1T ∗M,
7This means that the matrix with entries ηµν is the diagonal matrix (ηµν ) =
diag(1,−1,−1,−1). Also if ηµνηνα = δ
µ
α, then the matrix with entries (η
µν ) =
diag(1,−1,−1,−1).
9
such that for a, b ∈ sec∧1T ∗M it is8
g˚(a) • b := g˚(a, b) := a •˚
g
b . (35)
Of course we can introduce in the structure (M, g˚E) [respectively (M, g˚E)] the
Clifford bundles9 Cℓ(M, gE) [respectively Cℓ(M, g˚)] and of course, we have that∧
T ∗M , the bundle of exterior forms is such that10)
∧
T ∗M =
∑4
r=0
∧r
T ∗M →֒
Cℓ(M, g˚E) [respectively
∧
T ∗M =
∑4
r=0
∧r
T ∗M →֒ Cℓ(M, g˚)]
Following the ideas presented in [3] the gravitational field generated by an
energy-momentum tensor T ∈ secT 02M is represented by a gauge extensor (de-
formation extensor)11
h : sec
∧1
T ∗M → sec∧1T ∗M (36)
such that putting θa := δaµdx
µ, (a = 0, 1, 2, 3) it is.
h(θa) = ga. (37)
The set {ga} are called gravitational potentials. We introduce in M the field
g ∈ secT 02M according to the definition
g = ηabg
a ⊗ gb. (38)
If {ea} ∈ secTM is the dual basis of {ga} we define a field g ∈ secT 20M such
that
g = ηabea ⊗ eb. (39)
A.0.1 The Clifford Bundle of Differential forms Cℓ(M, g)
Since of course, the structure (M, g) is parallelizable we can present the Clifford
bundle of differential forms as the vector bundle12 Cℓ(M, g) = PSpine1,3(M, g)×Ad′
R1,3, where PSpine1,3(M, g) is the spin structure bundle and R1,3 ≃ H(2) is
the so called spacetime algebra. We recall that we also have that
∧
T ∗M =∑4
r=0
∧r
T ∗M →֒ Cℓ(M, g).
Given the structure (M, g˚E) with
∧
T ∗M →֒ Cℓ(M, g˚) we denoted by g :=
h†g˚Eh the extensor field
g : sec
∧1
T ∗M → sec∧1T ∗M (40)
such that for a, b ∈ sec∧1T ∗M it is
g(a, b) := g(a) • b = h†g˚h(a) • (a) = g˚h(a) • h(a)
8We define for a, b ∈ sec
∧
1T ∗M, g˚E(a, b) := a • b.
9Cℓ(M, gE)has been called in [2] the canonical agebra.
10Details in [14].
11The h extensor field produces a plastic distortion of the Lorentz vacuum (which is defined
as the Minkowski spacetime structure). Details in [3].
12A general section of Cℓ(M, g) is a sum of nonhomogeous differential forms, called multi-
form fields or Clifford fields.
10
Also, given the structure (M, g˚) with
∧
T ∗M →֒ Cℓ(M, g˚) we may denote
by g := h†h the extensor field
g : sec
∧1
T ∗M → sec∧1T ∗M
such that for a, b ∈ sec∧1T ∗M it is
g(a) •˚
g
b = h(a) •˚
g
h(a) = g(a, b) := a · b. (41)
The above relations are essential for the formalism used in [3] where a La-
grangian formalism for the h field is developed. Unfortunately to grasp that
theory it is first necessary to have a working knowledge of the (nontrivial) math-
ematical theory of extensor fields and extensor functionals. So in this paper we
present the gravitational theory formulated through the gravitational potentials
ga (which is a relatively simple theory) for which the Lagrangian density given
by Eq.(2) is postulated.
With a, b ∈ sec∧1T ∗M →֒ Cℓ(M, g) we have the fundamental relation13
ab+ ba = 2g(a, b) (42)
and moreover
a · b = 1
2
(ab+ ba), a ∧ b = 1
2
(ab− ba). (43)
A general section of Cℓ(M, g) is written as a sum of nonhomogeneous differ-
ential forms, i.e.,
C=∑JCjgJ =∑JCJgJ,
Cj, CJ ∈ sec
∧0
T ∗M →֒ sec Cℓ(M, g) (44)
where the symbol J denotes collective indices. Recall, e.g., that14
gJ = 1, gji , ..., gj1j2j3j4 = gj1 ∧ gj2 ∧ gj3 ∧ gj4 ,
gJ = 1, gj1 , ..., gj1j2···j4 = gj1 ∧ gj2 ∧ gj3 ∧ gj4 . (45)
The scalar product (·) and the exterior product extend to all sections of
Cℓ(M, g) and here we distinguish the scalar product from the operations of left
and right contractions. We have for for any X,Y ∈ sec Cℓ(M, g)
X · Y = 〈X˜Y 〉0 = 〈XY˜ 〉0 = Y ·X. (46)
13In this paper the Clifford product is denoted by juxtaposition of symbols. A detailed
explanation of all symbols and identities need for the derivatins in this paper can be found in
[14]
14The concept of the Lie derivative of spinor fields is a subtle one, with many non equivalent
definitions. See a sample of the bibliography in [7]. In particular it is even possible [1] to
give a meaning to a statement one find in physical textbooks, like, e.g., [17, 5] that under
diffeomorphisms spinor fields transform as scalars, but we will not comment more on that
here.
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and for arbitrary multiforms X,Y, Z ∈ sec Cℓ(M, g) the left and right con-
tractions of X and Y are the mappings y
g
: sec Cℓ(M, g) × sec Cℓ(M, g) → sec
Cℓ(M, g), x
g
: sec Cℓ(M, g)× sec Cℓ(M, g)→ sec Cℓ(M, g) such that
(Xy
g
Y ) · Z = Y ·
g
(X˜ ∧ Z),
(Xx
g
Y ) · Z = X ·
g
(Z ∧ Y˜ ). (47)
A.1 Spin-Clifford Bundle and Dirac-Hestenes Spinor Fields
In [12, 10] Dirac-Hestenes spinor fields living in a structure (M, g) are sec-
tions of the spin-Clifford bundle CℓlSpin(M, g) = ×PSpine1,3(M, g) ×l R01,3 and
one can show that once we fix a spin coframe a Dirac-Hestenes spinor field
Ψ ∈ sec CℓlSpin(M, g) has a representative ψ ∈ sec Cℓ0(M, g), i.e., an even sec-
tion of the Clifford bundle Cℓ(M, g). A covariant Dirac spinor field ψ used
by physicists is a section of the bundle PSpine1,3×D1/2.0⊕D0,1/2C
4. Details of the
above theory may be found in [12, 10, 14, 7]. Below we give a dictionary that
one can use to immediately translate results of the standard matrix formalism
in the language of the Clifford bundle formalism and vice-versa. This dictionary
will help the reader to compare the result we found for the energy-momentum
tensor of the Dirac field in the presence of a gravitational field with other results
on that subject that he may find in the literature.
γaψ ↔ gaψg0,
iψ ↔ ψg2g1,
iγ5ψ ↔ ψσ3 = ψg3g0,
ψ¯ = ψ†γ0 ↔ ψ˜,
ψ† ↔ g0ψ˜g0,
ψ∗ ↔ −γ2ψγ2. (48)
where γa, a =0, 1, 2, 3 are Dirac matrices in standard representation, γ5 =
γ0γ1γ2γ3 and i =
√−1.
Remark 3 Note that γa, i14 and the operations and † are for each x ∈ M
mappings C4 → C4. Then they are represented in the Clifford bundle formalism
by extensor fields which maps Cℓ0(M, η) → Cℓ0(M, η). Thus, to the operator γa
there corresponds an extensor field, call it ga : Cℓ0(M, η) → Cℓ0(M, η) such that
gaψ = gaψg0.
Remark 4 Recall that the structure (M, g˚, D˚, τ˚g, ↑e0) is Minkowski spacetime
when D˚ is the Levi-Civita connection of g˚, τ˚g, = θ
0∧θ1∧θ2∧θ2 defines a positive
orientation for M and ↑e0 defines a time orientation (given by the global vector
field e0). Also the structure (M, g, D, τg, ↑e0) is a Lorentzian spacetime when D
is the Levi-Civita connection of g, τg, = g
0g1g2g2 ∈ sec∧rT ∗M →֒ sec Cℓ(M, g)
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defines a positive orientation for M and ↑e0 defines a time orientation (given
by the global vector field e0).
A.2 The Lie Derivative of Clifford and Spinor Fields
In [7] we give a geometrical motivated definition for the Lie derivative of spinor
fields in the direction of an arbitrary smooth vector field ξ ∈ secTM which we
called the spinor Lie derivative and denoted
s
£ξ. Let C ∈ sec Cℓ(M, g) (Eq.(44))
Then,
s
£ξC : =dξC +
1
4
[S(ξ), C]. (49)
Also, the Lie derivative of a Dirac-Hestenes spinor field Ψ ∈ sec CℓlSpin(M, g) is
s
£ξΨ : =dξΨ+
1
4
S(ξ)Ψ. (50)
The spinor Lie derivative of a representative ψ ∈ sec Cℓ(M, g) of a Dirac-
Hestenes spinor field Ψ ∈ sec CℓlSpin(M, g) is denoted
(s)
£ξψ and we have
s
£ξψ : =dξψ +
1
4
S(ξ)ψ. (51)
In Eqs.(49),(50) and (51) d
ξ
denotes the Pfaff derivative and with ξ = g(ξ, )
S(ξ) = L(ξ) + dξ (52)
with
L(ξ) =
1
2
(cakl + ckal + clak) ξ
kga ∧ gl (53)
with ck···ab the structure coefficients of the basis {ea} of TM dual of the basis
{ga} of ∧1T ∗M . i.e.,
[ea, eb] = c
k··
·abek, dg
k = −1
2
ck···abg
a ∧ gb. (54)
Remark 5 Our definition of spinor Lie derivative [7] can be extended also for
some cotensor fields, in particular,
s
£ξg = 0 the Lie derivative of the field g
is null. This result is very important for the objective of this paper, where a
variation δga is defined as
δga = −
s
£ξg
a (55)
for appropriate vector fields ξ (see below).
Remark 6 It is very important to recall that there are several non equivalent
definitions for the Lie derivative of spinor fields. Relevant references are given in
[7]. Here we comment that our spinor Lie derivative of Clifford and spinor fields
is obtained obtaining through the introduction of a spinor mapping
s
h which gives
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a spinor image of Clifford and spinor fields between points x′ = hx and x (where
h : M →M is a diffeomorphism generated by an arbitrary differentiable vector
field ξ). It is very important to emphasize here that if Ψ ∈ sec CℓlSpin(M, g) =
PSpine1,3(M, g) ×l R01,3 then its image
s
hΨ is also a section of CℓlSpin(M, g) =
PSpine1,3(M, g)×l R01,3.
The map
s
h is different from the pullback map and for the case of Clifford
fields it coincides with the pullback mapping only when the vector field ξ is a
Killing vector field in the structure (M, g).
In particular it is important to emphasize here that
s
£ξg = 0, i.e., the Lie
derivative of the metrical field is null,which means that when varying the gravi-
tational potentials the field g does not change..
We also recall here that is even possible [1] to give a meaning to a statement
found in physical textbooks, e.g., [4, 5, 17] that spinor fields transform under the
pullback h∗ mapping as scalar functions. Briefly, this is to be understood in the
following way. Let g be a metric field in M and g′ =h∗g the pullback metric
under a mapping h: M → M . If Ψ ∈ sec CℓlSpin(M, g) = PSpine1,3(M, g) ×l R01,3
then Ψ′ = h∗Ψ ∈ sec CℓlSpin(M ′, g′) = PSpine1,3(M ′, g′) ×l R01,3 is such that
Ψ′(x) = Ψ(hx). This definition, a mathematical legitimate one seems to us
an odd one since in particular (M, g) and (M ′, g′) are supposed in General Rel-
ativity to describe the same gravitational field even if M ′ =M (diffeomorphism
invariance of the theory).
B The Energy-Momentum 1-Forms for the Dirac
Field in the Presence of a Gravitational Field
Let F : sec∧kT ∗M → sec∧4T ∗M , X 7→ F(X) be a differentiable multiform
function of a multiform variable X . We recall that the directional derivative15
of F in the direction of W ∈ sec∧T ∗M is denoted· W · ∂XF and we have
W · ∂XF(X) = lim
t→0
F(X + t〈W〉X)−F(X)
t
. (56)
Moreover, the multiform derivative ∂XF is defined by16
∂XF(X) =
∑
J
1
ν(J)!
gJ∂gJF(X) =
∑
J
1
ν(J)!
gj∂gJF(X), (57)
where the symbols gJ and g
J are defined in Eq.(45) and ν(J) = 0, 1, 2, ... for
J = ∅, j1, j2, j3, j4, ... where all indices j1, j2, j3, j4 run from 0 to 3.
15If the reader needs details in order to follow the calculations in this Appendix (which
needs many “tricks of the trade” of the Clifford bundle formalism) he can consult Chapters 2
and 7 of [14] and [7].
16In [14] we also use the notation ∂XF(X) = F
′(X).
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Now, let the Dirac Lagrangian in interaction with the gravitational field be
given by
LD : sec
∧1
T ∗M × (sec∧△T ∗M)2 × (sec∧▽T ∗M)2 → sec∧4T ∗M,
(gk, ψ, ψ˜, gk∂ekψ, g
k∂ekψ˜) 7→ LD(gk, ψ, ψ˜, gk∂ekψ, gk∂ekψ˜)
LD =
{
(gk∂ek ψ˜g
2g1)g0 · ψ˜ − 14gkψ˜L(gk)g0g2g1 · ψ˜
+ψ · (gk∂ekψg0g2g1) + 14ψ · (gkL(gk)ψg0g2g1 +mψ · ψ˜
}
τg (58)
where
sec
∧△
T ∗M = sec(
∧0
T ∗M +
∧2
T ∗M +
∧4
T ∗M),
sec
∧▽
T ∗M = sec(
∧1
T ∗M +
∧3
T ∗) (59)
and recalling Eq.(53) it is
L(gk) :=
1
2
(crks + ckrs + csrk)g
r ∧ gs. (60)
Now, define LD = ⋆
g
LD = LDτg with
LD : sec
∧1
T ∗M × (sec∧△T ∗M)2 × (sec∧▽T ∗M)2 → sec∧0T ∗M. (61)
The variation of LD induced by the lifting in the spin structure bundle of
the differentiable vector field ξ = ea is defined by
δLD :=
∑
aδg
k ∧ ∂LD
∂gk
= δgk ∧ ∂LD
∂gk
, (62)
On the other hand the variation of LD induced by an arbitrary variation
gk 7→ gk + Xk (Xk ∈ sec∧1T ∗M →֒ sec Cℓ(M, g)) is given by the directional
derivative Xk · ∂gk of LD, i.e.,
δLD := X
k · ∂gk LD = Xk · (∂gkLD) (63)
where we have used the fact that any F : sec
∧△
T ∗M ∋ X 7→ F (X) ∈
sec
∧0
T ∗M it is [14]
X · ∂X F = X · (∂XF ) (64)
So, taking Xk = δgk it is
δLD := δg
k · ∂gk LD = δgk · (∂gkLD) = δgk · 〈∂gkLD〉1 (65)
and since as it is easy to show δτg = −
s
£τg = 0 we can write
δLD = δ (LDτg) = (δLD) τg + LDδτg = (δLD) τg = ⋆
g
δLD. (66)
From Eq.(66) we get
δLD = δgk ∧ ∂LD
∂gk
=
(
δgk · (∂gkLD)
)
τg = δg
k ∧ ⋆
g
〈∂gkLD〉1 (67)
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and since by definition the 1-forms of energy-momentum
D
T k =
D
Tkmg
m of the
Dirac field in the presence of the gravitational field are defined by
⋆
g
D
T k = ∂LD
∂gk
. (68)
We get using Eq.(67) the notable relation
D
T k = 〈∂gkLD〉1 (69)
that
D
T k = 〈Dekψ˜g2g1g0ψ˜ + ψDekψg0g2g1〉1 (70)
where
Dekψ := ∂ekψ +
1
4
L(gk)ψ. (71)
Moreover, recalling as observed in Section 2 that by Einstein equation (for
the system gravitational plus Dirac field) is ⋆
g
Gk = − ⋆
g
D
T k and Gk = Gkmgm
with Gkm = Gmk it follows that
D
T km =
D
T mk, i.e.,
D
T k ·gm =
D
T m ·gk . Observe
that since for any, A,B ∈ sec Cℓ(M, g) it is 〈AB〉r = (−1)r
(r−1)
2 〈B˜A˜〉r we can
write
〈gmψDekψg2g1g0〉0 = 〈(〈gmψ〉1 + 〈gmψ〉3)Dekψg2g1g0〉0
= 〈(〈ψ˜gm〉1 + 〈ψ˜gm〉3)Dekψg2g1g0〉0 = 〈ψ˜gmDekψg2g1g0〉
(72)
Also,
〈Dekψ˜g2g1g0ψ˜gm〉0 = 〈Dekψ˜g2g1g0gmψ〉0
= −〈Dekψ˜gmψg2g1g0〉0 (73)
So, using the above results we get
D
T mk = 1
2
(
D
T k · gm +
D
T m · gk
)
=
1
2
〈ψ˜g(mDek)ψg2g1g0 −D(ekψ˜gk)g2g1g0ψ〉0.
(74)
Remark 7 Using the dictionary (Appendix A) between the standard matrix
formalism used by physicists for dealing with (covariant) Dirac spinor fields
and the formalism of this paper where these objects are represented (once we fix a
spin frame) by an even section ψ of the Clifford bundle Cℓ(M, g) we immediately
verify that Eq.(74) coincides, e.g. with the result reported in [8].
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C Energy-Momentum of the Gravitational Field
for the Schwarzschild Field
The Schwarzschild solution g (of Einstein equation) for a star of mass m with
radius R greater than the Schwarzschild radius can be written in polar coordi-
nates covering the region of interest as
g = gµνdx
µ ⊗ dxν ,
g =
(
1− 2m
r
)
dt⊗ dt−
(
1− 2m
r
)−1
dr ⊗ dr − r2dθ ⊗ dθ − (r2 sin2 θ) dϕ⊗ dϕ.
(75)
Here according to the theory presented above the gravitational potentials
ga, a = 0, 1, 2, 3 are:
g0 =
(
1− 2m
r
) 1
2
dt; g1 =
(
1− 2m
r
)− 12
dr; g2 = rdθ; g3 = r sin θdϕ. (76)
Using the nice formula Eq.(23) we will evaluate the energy-momentum 1-
forms of the Schwarzschild field.
Since the scalar curvature R = 0 outside the star we have
t0 = ∂ · ∂ g0 + dδg0 = M
2√
1− 2M
r
r4
dx0 =
M2(
1− 2M
r
)
r4
g0,
t1 = ∂ · ∂ g1 + dδg1 = 0,
t2 = ∂ · ∂ g2 + dδg2 = cot(θ)
r2
(
1− 2M
r
) 1
2
g1 − 2M
r3
g2,
t3 = ∂ · ∂ g3 + dδg3 = −M + r +M cos(2θ)
r3
csc2(θ)g3. (77)
With a simple calculus we see that
0 = g2 · t1 = t21 6= t12 = g1 · t2 = −cot(θ)
r2
(
1− 2M
r
) 1
2
. (78)
Now it is easy to evaluate the energy of the Schwarzschild gravitational
field outside the star17. We have taking into account the convention used for
the definition of the energy-momentum 3-forms of the fields (Eq.(8)) and the
equation of motion for the gravitational potentials (Eq.(10)) that we must define
the energy of the field
17We denote this region by Ω.
17
E := −
∫
Ω
t0·g0dV = −
∫ 2pi
0
∫ pi
0
∫ ∞
R
M2
r2
(
1− 2M
r
) 3
2
sin θ drdθdϕ = 4πM

1− 1(
1− 2M
R
) 1
2

 .
(79)
For sun’s like stars 2M
R
≈ 5.106. For such cases we have to first order in 2M
R
that
E = −4πM
2
R
. (80)
Remark 8 From Eq.(80) we see that the energy of the gravitational field in
the exterior of the star is negative. The idea that the energy of the gravitational
field is negative is an old one. It appears , e.g., in the Tryon paper [16] which
suggested that the universe appears from nothing through a vacuum fluctuation
and also it is essential for the inflationary cosmology [6]. And indeed if we sup-
posed that the spatial part of our universe is closed, e.g., is 18S3 we immediately
get from Eq.(13) and Stokes theorem that since ∂S3 = ∅ it is
∫
S3
⋆
g
(
m
T 0 + t0) = −
∫
S3
d ⋆
g
F0 = −
∫
∂S3
⋆
g
F0 = 0, (81)
which shows that the total gravitational energy of this universe is null, i.e., the
energy-momentum of the gravitational field is negative.
And, all the momentum components P i := − ∫
Ω
t0idV = 0 are trivially zero.
18Recall that S3 is a parallelizable manifod for which a small modification of our theory
works as well.
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